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In the first paper of this title it was shown that the sum of the valences at 
three distinct vertices of a bigraph on 2n points obeyed 
vg, + v* + vr Q 
i 
3n-l,ifn=2m, 
3n,ifn=2m-1. 
A class of bigraphs (modified central star and central star) was defined which 
demonstrated that these bounds were the best possible by achieving equality 
in each case. In this note, it is shown that for n odd the central star bigraph and 
for n even the modified central star and three simple variations on the central 
star are the only bigraphs having sums of valences which achieve the bound 
and that for all other bigraphs strict inequality prevails. 
It is also noted that this result implies that the sum of valences at m distinct 
vertices of a bigraph is strictly less than mn for all m < 4. 
The reader will be assumed to be familiar with the definitions and 
notation relating to bigraphs introduced in [l]. 
Define a sequence of points p1 , pz ,..., pr of S to be an adjacency chain 
with respect to q and r if pi+l is adjacent to pi and is in the negative cone 
-qpir for i = I, 2,..., k - 1 and p1 is adjacent to either q or r or both. 
Consistency requires that ifp, is adjacent to either q or r then the singleton 
p1 also be called an adjacency chain. 
In the first paper of this title [l], points of S were partitioned with 
respect to two arbitrary reference points q and r into three classes: 
I. points adjacent to both q and r, 
II. points adjacent to q or r but not both, 
III. points adjacent to neither q nor r, 
and it was shown that there are at least as many points in Class III as in 
Class I. This result is also true when restricted to only those points in 
adjacency chains with respect to q and r by the same argument used in [I]. 
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THEOREM 1. If q and r are adjacent then there must be at least 
vq + VT - 2 
2 
distinct points on each side of qr belonging to the union of the adjacency 
chains with respect to q and r. 
Proqfi By Lovasz’ Lemma [2], precisely half of the bisectors other 
than qr, i.e., 
I?1 = 
vq + v, - 2 
2 ’ 
incident on q and r are on an arbitrary but common side of qr. The m 
endpoints of these bisectors are either Class I or Class II vertices, but by 
the remark made in the preceding paragraph there must be at least as 
many distinct Class III points in adjacency chains as there are Class I 
points and the theorem follows by counting the Class II and III vertices. 1 
Assume a bigraph for which vP + vq + v, = 3n for some triple of 
vertices. Clearly (by the corollary to Theorem 3 of [l]) vD = vq = v, = n 
and the points must all be pairwise adjacent, i.e., the bigraph is of the form: 
FIGURE 1 
LEMMA. Regions B, D, and F of Figure 1 are devoid of vertices of the 
bigraph. 
Proof. By Lovasz’ Lemma an E translation upward of e, parallel to 
itself will yield a line which intersects n - 1 bisectors. But by the arguments 
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already given there are n - 1 bisectors above e, incident on p and 4. 
Hence, no point above e, is adjacent to any point below e, . 
Assume that there is a point x in region B. By Theorem 1 it must be in 
an adjacency chain with respect to r and q and also in an adjacency chain 
with respect to r andp and hence, since it has just been shown that r cannot 
be connected to x except through q and p, x must be linked by adjacency 
chains to bothp and q. The points in B must be in one of the three classes 
already mentioned: 
I. x is adjacent to both p and q, 
II. x is adjacent to only p (or q) then it must also be adjacent to 
another point y such that xy is an internal bisector of rq (or rp), 
III. x is adjacent to neither p nor q, then there must be two previous 
points y1 and yz in adjacency chains such that ylx and y,x are internal 
bisectors of rp and rq, respectively. 
Since every point in B must be in one of these classes, each of which 
implies the existence of another point x’ in B, and since S is finite, the 
lemma follows. 1 
THEOREM 2. There exist three distinct vertices p, q, and r in a bigraph 
on 2n points such that v9 + vp + v, = 3n if and only if the bigraph is the 
star symmetric bigraph qf [I]. 
Proof. First, since each of the valences is odd, n itself must be odd in 
this case. Second, as an immediate consequence of the lemma there must 
be (n - 1)/2 points in each of the regions A, C, and G and therefore 
(n - 3)/2 in region E. The first steps in the proof of the lemma shows that 
the points in region A can be connected only to q and not to p nor r. 
Furthermore, there are precisely (n - 1)/2 bisectors above el and incident 
on q each of which must have a distinct end point. Hence, every point in A 
is connected to q. If any two of these points were adjacent, by the same 
argument used in proving the lemma, there would have to be more than 
n - 1 points in A contrary to assumption. 
Given that there are (n - I)/2 bisectors incident on q with vertices in A, 
by Theorem 1 of [l], there are (n - 3)/2 incident on q in the cone pqr. 
By the first step of the lemma, these must all terminate in E, hence q is 
connected to all of the points in E, as arep and r. 
Finally, it is easy to show that no two points in E can be adjacent. 
Assume x and y are adjacent. Two of the six cones formed by x, y, and the 
vertices p, q, and r do not contain, nor lie on, a vertex. Assume with no loss 
of generality that -yxq is one of these (Fig. 2), then since x is adjacent to q, 
by Theorem 1 of [1] there must be a point x’ in the cone -yxq, and also 
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FIGURE 2 
in E by the lemma, which must itself be adjacent to q, etc. As before each 
such point implies the existence of another, which is impossible. 1 
The bigraphs for which vP + vq + v, = 3n - 1 can be characterized 
by similar arguments. 
THEOREM 3. There exist three distinct vertices p, q, and r in a bigraph 
on 2n points such that vP + vu + v, = 3n - 1 
(a) and only one of the vertices is adjacent to the other two fand only if 
the bigraph is the modjied star bigraph of [l], 
(b) and the vertices are pairwise adjacent if and only if the bigraph is 
one of three variants on the star bigraph to be described in the following 
argument: 
FIGURE 3 
+WI5/3-4 
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FIGURE 4 
Proof. First, since each valence must be odd IZ is necessarily even. 
Second, by the corollary to Theorem 3 of [l] two of the pairs of points must 
be adjacent, and one may or may not be, so that v3, + v, = v,. + v, = 2n 
and vD + V~ = 2n - 2 (Fig. 3). The lemma applies to regions D and F so 
there can be no points in them; however, unlike the previous case region B 
can have a point in it as shown by the bigraph in Figure 4. 
There are two cases to be considered depending on whether p is adjacent 
to q or not. First assumep is adjacent to q; then, since vP + v, = 2n - 2, 
FIGURE 5 
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there must be one bisector intersecting e, . Call the endpoint above e, of 
this bisector x. By the same arguments used in proving the lemma, if x is 
in B, V, = 1 and it follows immediately that the bigraph must have its 
points distributed as in Figure 5. In other words, if x is in B one gets 
a central star bigraph modified by connecting x to the opposite vertex and 
adding an additional bisector in the opposite vertex region as required 
by Theorem 1 of [l]. The bigraph of Figure 4 is representative of this class 
of bigraphs. 
I f  x is in A, it must be connected to Y since a bisector incident on it 
crosses e, and no bisectors intersect e2 or e3 . The bigraph must then be 
of the general form shown in Figure 6, with (n/2) - 1 points in regions A’, 
FIGURE 6 
C and G’ and (n/2) - 2 in region E. The points in C, G’ and E are con- 
nected to vertices as before; however, the connection of the points in A 
are not uniquely determined. 
A point p of S is said to be unbounded if it either lies on the convex 
hull K, of S or can be moved without changing the orientation of any lines 
of the bigraph so as to form a new set of points s’ in general position in 
which p is on Kg . In [3] it was proved that v9 = 1 if and only if p is an 
unbounded point of S. Using this result it is easy to see that the bisectors 
joining q to the points of A’ must all cut rx. There are two equally 
acceptable ways this can happen (see Fig. 7). 
If p is adjacent to q and vp + vg + v, = 3n - 1, then the bigraph must 
be one of the three types just discussed. 
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FIGURE 7 
If p is not adjacent to q, then by already familiar arguments any point 
in B must be adjacent to r and cannot be adjacent to p or q nor to points 
in regions A or C since e2 and e, are not cut by any bisectors and therefore 
cannot be adjacent to points in E either. If there are a points in region A 
(and hence in C) and b points in region B, there must be n - 1 - a in 
region G and the resulting valences are: 
VV -vv,=2a+1, 
v,=n+b+l. 
Using the fact that the sum of the valences at p, q, and r is 3n - 1, one finds 
that b = 2n - 4(u + 1); however, by summing the points in each of the 
regions, which must add to 2n, one finds also that b = n - 2a - 2 or 
a = (n - 2)/a and hence that b = 0. 
In other words, ifp is not adjacent to q and vP + vO + v, = 3n - 1, then 
the bigraph is necessarily a modified star bigraph as introduced in [l]. 1 
Theorem 3 completely characterizes the bigraphs in those cases for 
which the triple sums of valences achieves the upper bound. 
Lovasz has pointed out that it follows immediately from Theorem 2 
that the sum of the valences at m vertices of a bigraph, m > 4, is strictly 
less than mn, since, if the sum were mn, then the sum of the valences at any 
three of the m vertices would have to be 3n and the bigraph would have 
to be star symmetric by Theorem 2. But the sum of the valences at m 
distinct vertices in such a bigraph is less than mn for all m > 4. 
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